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Abstract

This work describes a HCVmodel infection with four state variables, such as uninfected and in-
fected hepatocytes, antibodies, virions. Here, the model contains dual transmission rate such
that the disease can be transmitted by infected cell also. The model incorporates two con-
trol inputs: ribavirin, which suppresses virion generation, and pegylated interferon(peg-IFN-
α), which targets infected hepatocytes. Four novel non-linear control schemes are introduced,
which as the integer and fractional-order terminal, integral, double integral sliding mode con-
troller. These controllers attempt to maximize the uninfected hepatocytes, antibodies and mini-
mize the virions, infected hepatocytes to zero. We studied the comparison results of these con-
trollers. Numerical simulations validate the theoretical conclusions.
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1 Introduction

Hepatitis C Virus (HCV) is a blood-borne infection primarily impacting the liver, resulting in
inflammation and potentially severe long-term consequences. HCV represents an important pub-
lic health challenge globally related to its extensive prevalence and elevated risk of chronic infec-
tion. The virus is predominantly transmitted via blood-to-blood contact, which can occur through
various types such as unscreened blood transfusions, organ transplants from infected donors, nee-
dle sharing among intravenous drug users, and the use of inadequately sterilized medical or tat-
tooing instruments. Moreover, HCV can be transmitted vertically from an infected mother to her
infant during childbirth and during sexual intercoursewith an infected partner [27]. Chronic liver
infection affects almost 85% of HCV cases, resulting in complications in other organs. Symptoms
involve common fatigue, nausea, abdominal pain, dark urine, and jaundice. To prevent HCV in-
fection, avoid using drug paraphernalia, guarantee blood donors undergo testing, engage in safe
sexual practices, and utilize adequately sterilized medical and tattooing instruments.

In 2023, the World Health Organization (WHO) estimated that approximately 58million peo-
ple worldwide are living with chronic HCV infection, with 3.2million of those cases occurring in
children and adolescents. Currently there is no vaccine available for HCV. However, several treat-
ments are available, including pegylated-interferon-alpha(IFN −α), ribavirin, and Direct-Acting
Antivirals (DAAs) [5]. Mathematical modelling facilitates the integration of all relevant factors,
offering a significant insight into disease progression and the effects of treatment [30]. The authors
in [19] investigates the dynamics of a soft tumor-immune system model influenced by random
noise, analyzing how stochastic fluctuations impact tumor growth and immune response interac-
tions. Fractional-order modeling effectively captures memory and hereditary effects in complex
systems. Glycerol hydrogenolysis via heterogeneous catalysis modeled with fractional kinetics
[31]. The authors in [3] used the sustainable fractal-fractional method to quantify disparities
in atmospheric chemical modeling. Xu et al. [29] discussed the dynamical analysis of fractional
SEIrIsRmodel. Maharajan et al. [9] derived exponential stability conditions for delay-dependent
complex-valued BAM neural networks under stochastic and impulsive effects. Shukla et al. [22]
proposed an adaptive fixed-time synchronization method ensuring rapid convergence in chaotic
dynamical systems.

Neumann et al. [12] studied the basic mathematical models for HBV and HIV infections. Ri-
han et al. [18] discussed a stochastic delay differential model for HBV infection, focusing on so-
lution existence, stationary distributions, and disease extinction conditions, and highlighting the
effects of stochastic perturbations and time delays. The authors in [16] presented a fractional-
order model for HCV infection, incorporating interferon-α treatment and a time delay for intra-
cellular processes to enhance understanding of HCV dynamics. Woyes et al. [28] examined HCV
transmission among people who inject drugs, highlighting the critical impact of injecting behav-
ior and the importance of harm reduction strategies. Stocks et al. [24] investigated the HCV
model among those who inject drugs to identify undiagnosed cases and evaluate the effects of
interventions, thereby supporting the WHO’s elimination objectives. The authors [17] studied a
fractional-order model for HCV replication, accounting for interferon-α effects and intracellular
delays.

Optimal control is an essential component of bio-mathematics, especially in the domains of epi-
demiology and ecology [2]. This approach entails identifying the most effective control strategies
to optimize overall performance[8, 10]. Mandal et al. [11] proposed themodel to studyhepatocyte
apoptosis and CTL response in chronic HCV infection, emphasizing its impact on liver damage
and the effectiveness of DAAs in viral eradication. Hagger et al. [4] employs the perturbation
iteration method to solve the HBV optimal control problem under treatment, yielding accurate
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results consistent with other methods and effectively capturing drug response dynamics. Simon
et al. [23] formulated an optimal control model for a predator prey system incorporating dis-
ease dynamics in the prey population to identify strategies that minimize infection and ecological
imbalance.

Wang et al. [26] developed a model for HCV that includes DAAs, virus transmission modes,
and immune response, emphasizing the need to monitor viral load for effective treatment using
dual transmission dynamics. The authors in [25] explored the HCV infection dynamics using a
multiscale model that includes virus-to-cell and cell-to-cell transmission, along with Cytotoxic T
lymphocyte and antibody responses. Shi et al. [21] analyzed fractional-order systems with seis-
mic and delay effects, proposing a novel switching surface and establishing stability via LMIs and
Lyapunov-Krasovskii theory, validated through Sliding Mode Controller (SMC) based simula-
tions. Rehman et al. [15] studied the HCV model, introducing controllers for antiviral therapy
that preserve uninfected hepatocytes while targeting infected cells, comparing SMCwith Integral
super twisting SMC.Hamza et al. [6] discussed a nonlinearmathematical model for treatingHCV
that uses two control inputs to manage infected cells and reduce viral load, enhancing treatment
outcomes by the comparison of different sliding mode controllers.

In this study, we develop a novel HCV infection model that incorporates dual transmission
routes via both infected cells and free virions. Two antiviral controls are introduced: ribavirin,
which inhibits viral production, andpegylated interferon(peg-IFN-α), which targets infected cells.
The main highlights of this work is given as below:

• Describe a four advanced nonlinear controllers as integer and fractional-order terminal, in-
tegral, double integral sliding mode controller.

• Lyapunov-based analysis ensures stability and convergence results, for each control strategy.
• A comparative analysis of the performance for these controllers conducted.
• Demonstration through simulations that effective viral suppression and recovery can be

achieved within a short-term clinical time frame(5 to 7weeks).

These contributions provide amore accurate and control-responsive framework forHCV treat-
ment analysis. This manuscript is organized as follows: Section 2 describes the formulation of the
model with control inputs. Section 3 shows the dynamic control strategy of the model and also
the comparison results. Numerical simulations that validate theoritical results are explained in
Section 4. Section 5 gives the conclusion of the work.

2 Formulation of Mathematical Model

Hamza et al. [6] studied the dynamics of HCV model with the compartments of uninfected
hepatocytes T (t), infected hepatocytes I(t) and virions V (t),

dT (t)

dt
= m+ rTT

(︃
1− T + I

Tmax

)︃
− (1− u1)βTV − dTT,

dI(t)

dt
= (1− u1)βTV + rII

(︃
1− T + I

Tmax

)︃
− δI,

dV (t)

dt
= (1− u2)pI − cV.

(1)
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The rate of production and mortality of T are m and dT , respectively. rT denotes proliferation
rate or the maximal per capita growth rate of T , whereas Tmax represents the maximum capacity
of uninfected hepatocytes, regulated within a logistic growth model. β is the rate of infection for
HCV. rI is maximal per capita growth rate or the proliferation rate of infected hepatocytes. The
mortality rate of infected hepatocytes is δ. The elimination rate of the virus is c. The production of
virions is assumed to be inhibited by interferon and ribavirin treatments, represented as control
variables u1 and u2. p represents the rate at which the virus is produced. In the model (1), we
include another transmission rate in which the disease is transmitted by the infected [20], so that
we add control in the transmission of infected and uninfected cells. Recovery is incorporated into
the infected hepatocyte population, along with an immune response compartment denoted by
W (t). Consequently, the model is formulated as:

dT (t)

dt
= m+ rTT

(︃
1− T + I

Tmax

)︃
− β1TV − (1− u1)β2TI − dTT + ρI,

dI(t)

dt
= β1TV + (1− u1)β2TI + rII

(︃
1− T + I

Tmax

)︃
− δI − ρI,

dV (t)

dt
= (1− u2)pI − cV − qV W,

dW (t)

dt
= gV W − dW.

(2)

Here, β2 represents the transmission rate from infected cell to uninfected cell. ρ is the recovery rate
of infected cells. q represents the rate atwhich antibodies neutralize the viral load. g represents the
rate of antibody development due to free virions, while d indicates the rate of immune response
decay. The model is visually represented through a schematic diagram in Figure 1.

T

I

V W

rT

s

dT

β1

β 2
β1 p

q g

c d

ρ

rIδ

Figure 1: Schematic representation of the model.

To improve clarity, the variable notation has been changed from T, I, V, andW to x1, x2, x3 and
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x4, respectively;

dx1(t)

dt
= m+ rTx1

(︃
1− x1 + x2

Tmax

)︃
− β1x1x3 − (1− u1)β2x1x2 − dTx1 + ρx2,

dx2(t)

dt
= β1x1x3 + (1− u1)β2x1x2 + rIx2

(︃
1− x1 + x2

Tmax

)︃
− δx2 − ρx2,

dx3(t)

dt
= (1− u2)px2 − cx3 − qx3x4,

dx4(t)

dt
= gx3x4 − dx4.

(3)

In the chronic HCV mathematical model, the variables u1 and u2 represent control inputs
that quantify the effectiveness of therapeutic interventions, specifically ribavirin and pegylated
interferon-alpha(peg-IFN-α) treatments. These interventions primarily aim to regulate the devel-
opment of virions x3 and dynamics of infected hepatocytes x2 . The model shows that u1 reduces
the population of infected hepatocytes x2 by (1− u1) and u2 decreases virion production x3 by a
factor of (1 − u2). It is crucial to emphasize that the control actions u1 and u2 in our suggested
solution do not represent the dynamics of a direct drug-dependent device.

This specifically focuses on preserving uninfected hepatocytes while simultaneously decreas-
ing the development of virions and the quantity of infected hepatocytes. Consequently, the inputs
of these controls serve as theoretical frameworks for the intervention strategies instead of being
direct applications of drug delivery systems.

2.1 Non-negativity and boundedness

Theorem 2.1. Given the non-negative initial conditions T (0), I(0), V (0) and W (0), all solutions of the
model (2) are non negative, for all t ≥ 0.

Proof. From the model (2), we have

dT

dt
|T=0 = m+ ρI ≥ 0, for all I ≥ 0,

dI

dt
|I=0 = β1TI ≥ 0, for all T ≥ 0, I ≥ 0,

dV

dt
|V=0 = (1− u2)pI ≥ 0, for all I ≥ 0,

dW

dt
|W=0 = 0 ≥ 0.

Therefore, the solution of (2) is positive.
Theorem 2.2. Let X(t) be the unique solution of (2) for any t ≥ 0, then the solution X(t) is bounded
above, such that X(t) ∈ Ω where Ω is the feasible region.
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Proof. By adding the left and right equations of model(2), we obtain

dN

dt
= m+

(︃
1− T + I

Tmax

)︃
(rTT + rII)− (dTT + δI + cV + dW ) + (1− u2)pI,

≤ m+ rmax + pI −DminN, rmax = max(rT , rI), dN = min{dT , δ, c, d},
dN

dt
≤ m− CN, C = dN − (rmax + p).

Solving the inequality, we obtain

N(t) ≤
(︂
N(0)− m

C

)︂
e−Ct +

m

C
.

Consequently, Ω is positively invariant. However if N(0) ≥ m

C
, then either the solution enters

the finite time or N(t) approaches m

C
as t → ∞. Therefore, every solution of model (2) in R4

+ is
ultimately bounded within Ω.

3 Dynamic Control Strategy

Numerous nonlinear control systems have been devised, with sliding mode control being par-
ticularly useful for variable structure systems. The nonlinear control approach offers high preci-
sion, minimal steady-state error, and strong robustness against external disturbances and model
uncertainties. It is simple to implement and achieves convergence within a finite time, offering an
advantage over other nonlinear control methods [7]. To reduce the Steady State Error (SSE) and
chattering, higher order SMC has been considered.

In SMC, we initially establish S = 0 which is sliding surface in order to achieve the desired
control objectives. We develop a control law that restricts the system’s dynamics to this surface.
The sliding coefficient controls the speed at which the system’s trajectory approaches the sliding
surface. Moreover, a chattering phenomena can occur in sliding mode control implementations.
A robust reachability criterion is employed to formulate the control to minimize this chattering
effect by the consideration of

Ṡi = −K|Si|αsign
(︂Si

ϕi

)︂
, (4)

where α is a unit inside the interval 0 and 1. The term |Si|α enhances the control input Si in such a
way that the reaching speed increases when the state is far from the sliding surface, but decreases
as it approaches the sliding surface. Additionally, the magnitude of chattering can be minimized
by interpolating Si within a thin boundary layer of thickness ϕ. ϕi is taken as a positive number
which is smaller. K represents a sufficiently large positive gain and the Signum function, denoted
as sign, is defined as follows,

Sign(S) =

⎧⎪⎨⎪⎩
−1 if S < 0,

0 if S = 0,

1 if S > 0.

(5)

In SMC, the control input is divided into two components,

u(t) = unom + usw,
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where, unom denotes the nominal Sliding mode control law that directs the system towards the
equilibrium point, whereas usw signifies the switching SMC control law. This switching element
guarantees that the system’s trajectory that remains on the sliding surface until it attains the origin.
The sliding surface has been defines as,

S = [S1, S2, . . . , Sn]
T , (6)

where S1, S2, . . . , Sn represent distinct sliding surfaces corresponding to different system outputs,
each designed to achieve specific control objectives for the associated output variables as Figure
2.

X(t0)

X1

X2

System Trajectory

Sliding Phase

Reaching Phase

Sliding surface (S=0)

Figure 2: Phase plane representation of sliding mode control.

The following assumptions for the SMC are discussed below;

• The design coefficient k is a non-negative real number greater than zero.
• ϕ and α are the deisgn parameter that ranges between 0 and 1.
• The gains related to the sliding surfaces which are positive real values greater than zero.
• The considered Lyapunov function is always a positive definite.

This study proposes and analyzes four nonlinear slidingmode controllers to regulate HCV dy-
namics under dual transmission routes. Each controller reflects specific biological behaviors and
treatment responses. The Integral Sliding Mode Controller(ISMC) ensures robustness from the
start, representing steady treatment efforts compensating for immune or drug variability. The Ter-
minal SlidingMode Controller(TSMC) offers finite-time convergence, ideal for rapid suppression
strategies. The Double Integral SlidingMode Controller(DISMC) improves tracking accuracy and
reduces chattering, aligningwith smoother, cumulative treatment protocols. The Fractional-Order
Terminal SlidingMode Controller(FOTSMC) adds control flexibility by capturingmemory effects
like immune delay, better reflecting biological reality.
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3.1 Integral sliding mode control

ISMC is an adaptation of sliding mode control that integrates integral action into the con-
trol structure. This augmentation improves robustness and diminishes steady-state error. ISMC
integrates the benefits of classical SMC with integral feedback, making it especially efficient for
systems subjected to uncertainties and disturbances. We then introduce error terms to establish a
relationship between the states x2 and x3 and their respective reference values x2ref and x3ref .

e1 = x2 − x2ref , e3 = x3 − x3ref , e2 =

∫︂
e1, e4 =

∫︂
e3.

An error integral term was incorporated into the sliding surface ”S1” and ”S2” which represent
for the infected hepatocytes and virions given as follows,{︄

S1 = a1e1 + a2e2,

S2 = a3e3 + a4e4.
(7)

The coefficients a1, a2, a3 and a4 govern the rate at which the system converges to the sliding sur-
face, influencing its stability and performance. Taking derivative with respect to time for the slid-
ing surfaces, substituting e1 and e2, and then substituting S1 and S2 from (3) enables us to derive
the control input law for x2 and x3. By solving the system, we determine the control inputs re-
quired to effectively manage the compartments of infected cells and virions. In ISMC, two control
laws, unom and usw, are

unom =
1

a1β2x1x2

[︄
a1β1x1x3 + a1β2x1x2 + rIa1x2

(︃
1− x1 + x2

Tmax

)︃

− a1δx2 − a1ρx2 − a1 ˙x2ref + a2e1

]︄
,

usw =
1

a1β2x1x2

[︃
K1|S1|αsign

(︃
S1

ϕ1

)︃]︃
.

(8)

By incorporating the switching and nominal Sliding mode control laws from (8) and resolving
the control input u1, we get

u1(t) =
1

a1β2x1x2

[︄
a1β1x1x3 + a1β2x1x2 +K1|S1|αsign

(︃
S1

ϕ1

)︃

+ rIa1x2

(︃
1− x1 + x2

Tmax

)︃
− a1δx2 − a1ρx2 − a1 ˙x2ref + a2e1

]︄
.

(9)

Similarly, the sliding manifold can be described in terms of reducing virions by management of
the input u2(t) as,

unom =
1

a3px2

[︁
a3px2 − a3cx3 − a3qx3x4 − a3ẋ3ref + a4e3

]︁
,

usw =
1

a3px2

[︃
K2|S2|αsign

(︃
S2

ϕ2

)︃]︃
.

(10)

By combining we get,

u2(t) =
1

a3px2

[︃
a3px2 +K2|S2|αsign

(︃
S2

ϕ2

)︃
− a3cx3 − a3qx3x4 − a3ẋ3ref + a4e3

]︃
. (11)
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The control input u2, as described by (11), serves as the required control input to regulate the
virion dynamics and ensure they track their reference value.

In order to demonstrate the stability of the proposed controller, the following Lyapunov can-
didate function is chosen,

V1,2 =
1

2
S2
1 +

1

2
S2
2 . (12)

The Lyapunov candidate function V1,2 is defined as a positive definite function of the sliding sur-
faces S1 and S2. To guarantee that S1 and S2 converge to 0, shows asymptotic stability, the differ-
ential with respect to time of V must be negative definite. By applying the differentiation of V1,2

with respect to time,
˙V1,2 = S1Ṡ1 + S2Ṡ2. (13)

Substituting the values of Ṡ1 and Ṡ2, we get

˙V1,2 = S1

[︃
a1

(︃
β1x1x3 + (1− u1)β2x1x2 + rix2

(︂
1− x1 + x2

Tmax

)︂
− δx2 − ρx2

)︃
− a1ẋ2ref + a2e1

]︃
+ S2

[︁
a3 ((1− u2)px3 − cx3 − qx3x4)− a3ẋ3ref + a4e3

]︁
.

(14)

By substiuting the values of u1 and u2,
˙V1,2 = −K1|S1|α+1 −K2|S2|α+1,

˙V1,2 ≤ 0.
(15)

Thus, the application of Lyapunov theory demonstrates the stability of the system.

3.2 Double integral sliding mode controller

DISMC is an advanced sliding mode control, incorporating an additional integral term in the
formulation of the sliding surface [14]. This approach enhances system performance by improv-
ing disturbance rejection, minimizing steady-state error, and more effectively managing fluctuat-
ing dynamics in comparison to traditional SMC or Integral SMC. Consider the following sliding
surfaces,

S3 = a5e1 + a6e2 + a7e5,

S4 = a8e3 + a9e4 + a10e6.
(16)

The coefficients of the sliding surfaces are a5, a6, a7, a8, a9 and a10. e2 represents the integral error
of e1, e5 is the double integral of e1. The variable e3 represents the error between the actual virion
levels and their desired reference values. e4 is the integral of e3 and e6 is the double integral of e3.
The errors can be written as,

e1 = x2 − x2ref ,

e2 =

∫︂
(x2 − x2ref ) dt,

e5 =

∫︂ ∫︂
(x2 − x2ref ) dt dt.

(17)
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Now, the derivative of the sliding surface S3,4 with respect to time is computed to determine the
input of control for virions and infected hepatocytes. By determining the input for the control u1,
we obtain:

u1 =
1

a5β2x1x2

[︄
a5β1x1x3 + a5β2x1x2 +K|S3|αsign

(︃
S3

ϕ3

)︃
+ a5rIx2

(︃
1− x1 + x2

Tmax

)︃

− a5δx2 − a5ρx2 + a5ẋ2ref + a6e1 + a7e2

]︄
.

(18)

To determine the control input u2(t) required for blocking and dropping virions in the HCV sys-
tem, it will be

u2(t) =
1

a8px2

[︄
a8px2 +K4|S4|αsign

(︃
S4

ϕ4

)︃
− a8cx3 − a8qx3x4 − a8ẋ3ref + a9e3 + a10e4

]︄
. (19)

Todemonstrate the stability of the proposed controller, the followingLyapunov candidate function
is selected,

V3,4 =
1

2
S2
3 +

1

2
S2
4 . (20)

The Lyapunov candidate function V3,4 is defined as a function of positive definite for the sliding
surfaces S3 and S4,

˙V3,4 = S3Ṡ3 + S4Ṡ4. (21)

Substituting the values of Ṡ3 and Ṡ4, we get

˙V3,4 = S3

[︄
a5

(︃
β1x1x3 + (1− u1)β2x1x2 + rix2

(︃
1− x1 + x2

Tmax

)︃
− δx2 − ρx2

)︃
+ a5ẋ2ref

+ a6e1 + a7e2

]︄
+ S4

[︁
a3 ((1− u2)px2 − cx3 − qx3x4)− a8ẋ3ref + a9e3 + a10e4

]︁
.

(22)

By substiuting the values of u1 and u2, it becomes,
˙V3,4 = −K3|S3|α3+1 −K4|S4|α4+1,

˙V3,4 ≤ 0.
(23)

Thus, the application of Lyapunov theory demonstrates the stability of the system.

3.3 Integral terminal sliding mode controller

ITSMC is an enhanced variant of sliding mode control that combines integral and terminal
sliding mode techniques. The major objective is to improve the rate of covergence for the system
states while preserving robustness and accuracy. ITSMC has been particularly efficient of man-
aging nonlinear systems with disturbances and ensuring finite-time stability. Define the sliding
surface of ITSMC as follows,

S5 = e1 + k5

[︃∫︂ t

0

e1dt

]︃λ5

. (24)
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Here, k5 is the design parameter associated of the sliding manifold, and λ5 is a value satisfying
the condition 1 < λ5 < 2 which is positive. The variable e1 represents the error which tracks in
the number of infected hepatocytes. By taking the derivative with respect to time for the sliding
surface and determining the input of control u1, we obtain

u1 =
1

β2x1x2

[︄
β1x1x3 + β2x1x2 +K5|S5|αsign

(︃
S5

ϕ5

)︃
+ rIx2

(︃
1− x1 + x2

Tmax

)︃

− δx2 − ρx2 − ẋ2ref + k5λ5e1

[︃∫︂ 1

0

e1dt

]︃λ5−1
]︄
.

(25)

Similarly, defining the sliding surface of state variable x3 is

S6 = e2 + k6

[︃∫︂ t

0

e2dt

]︃λ6

, (26)

where e2 is the error that tracks difference of virions and reference value. Determining the deriva-
tive for the sliding surfaces and computing the control input u2, we get

u2 =
1

px2

[︄
px2 +K6|S6|αsign

(︃
S6

ϕ6

)︃
− cx3 − qx3x4 − ẋ3ref + k6λ6e2

[︃∫︂ 1

0

e2dt

]︃λ6−1
]︄
. (27)

Todemonstrate the stability of the proposed controller, the followingLyapunov candidate function
is selected

V5,6 =
1

2
S2
5 +

1

2
S2
6 . (28)

The Lyapunov candidate function V5,6 is defined as a function of positive definite for the sliding
surfaces S5 and S6,

˙V5,6 = S5Ṡ5 + S6Ṡ6. (29)

Substituting the values of Ṡ5 and Ṡ6, we get

˙V5,6 = −S5

(︃
K5|S5|αsign

(︃
S5

ϕ5

)︃)︃
− S6

(︃
K6|S6|αsign

(︃
S6

ϕ6

)︃)︃
,

˙V5,6 ≤ 0.

(30)

Thus, the application of Lyapunov theory demonstrates the stability of the system.

3.4 Fractional order terminal sliding mode controller

FOTSMC is an advanced technique that merges sliding mode control SMC with principles
from fractional calculus. This approach enhances performance in terms of convergence speed, ac-
curacy, and robustness, especially when applied to nonlinear and uncertain systems. This method
involves designing a sliding surface that combines the characteristics of fractional-order control
with those of Terminal sliding mode controller (TSMC). A key advantage for FOTSMC, partic-
ularly when utilizing a terminal sliding surface with fractional order derivatives, is its ability to
avoid singularity issues and achieve fast convergence which is compared to traditional Integral
Terminal Sliding Mode Control. FOTSMC laws are designed to conform that the states of the
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HCV system reach their reference values within a finite time, with Lyapunov’s stability theory
serving as the following. The sliding surface of FOTSMC is proposed and given by,

S7 = c5D
−αe1 + c6D

α|e1|γsgn(e1), (31)
where c5, c6 and γ are positive numbers. The variable e1 represents the error between the infected
cells and their reference values, defined as e1 = x2 − x2ref . D is fractional operator and defined
as,

aD
α
t =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
dα

dtα
, R(α) > 0,

1, R(α) = 0,∫︂ t

α

(dτ)−α, R(α) < 0,

(32)

where α represent fractional operator order and R(α) is real set number [1]. When integer-order
controllers attains its objectives, fractional-order controllers enhance realismbymodelingmemory
and hereditary traits in biological systems. This results in smoother control actions and better con-
vergence. Among all, the FOTSMC showed superior regulation with lower control effort, making
it a promising tool for designing optimized treatment strategies. The operator of fractional order
which is defined in various ways, including several different definitions.
Definition 3.1. [13] Reimann-Liouville fractional integral with the derivative of αth order for the function
f(t) w.r.t time is

aD
α
t =

dα

dtα
f(t) =

1

Γ(m− α)

dm

dtm

∫︂ t

α

f(τ)

(t− τ)α−m+1
dτ,

aD
−α
t = Iαf(t) =

1

Γ(α)

∫︂ t

α

f(τ)

(t− τ)1−α
dτ.

(33)

Here, t − α is interval integration and ”m” is a positive integer which is larger than ”a” such as
m− 1 < α < m.
Definition 3.2. [13] The Caputo derivative of fractional-order α for the function f(t) is defined as,

aD
α
t f(t) =

⎧⎪⎪⎨⎪⎪⎩
1

Γ(ν − α)

∫︂ t

α

fν(τ)

(t− τ)α − ν + 1
dτ, (ν − 1 ≤ α < ν),

dm

dtm
f(t), (α = ν).

(34)

Definition 3.3. [1] Order α GL definition is defined as,

αGL
D
α
t f(t) = lim

ts→0

1

tsα

(t−α)
h∑︂

j=0

(−1)j
(︃
α
j

)︃
f(t− jh), (35)(︃

α
j

)︃
=

Γ(α+ 1)

Γ(j + 1)Γ(α− j + 1)
, (36)

where the gamma function is denoted by Γ(.) and time step by ts.

Taking derivative of the sliding surface S7, we get

Ṡ7 = c5D
1−αe1 + c6γD

α|e1|γ−1ė1. (37)

670



C. Pichani and R. Chinnathambi Malaysian J. Math. Sci. 20(2): 659–682(2026) 659 - 682

By applying D−α on both sides of (37), we get

D1−αṠ7 = c5D
1−2αe1 + c6γ|e1|γ−1ė1. (38)

The term D1−α denotes the fractional derivative term. We can represent our notation as Dα̂ for
our simplicity. A more simplified form of (38) can be expressed as,

Dα̂Ṡ7 = c5D
1−2αe1 + c6γ|e1|γ−1ė1. (39)

Taking derivative for e1, we get

ė1 =
dx2

dt
− ẋ2ref . (40)

Substituting (40) into the (39), gives

Dα̂Ṡ7 = c5D
1−2αe1 + c6γ|e1|γ−1

(︂
β1x1x3 + (1− u1)β2x1x2 + rIx2

(︃
1− x1 + x2

Tmax

)︃
− δx2 − ρx2 − ẋ2ref

)︂
.

By solving the above equation for the control input u1(t), we get

u1 = unom + usw,

unom =
1

β2x1x2

[︄
β1x1x3 + β2x1x2 −

c5D
1−2αe1|e1|1−γ

c6γ
+ rIx2

(︃
1− x1 + x2

Tmax

)︃

− δx2 − ρx2 − ẋ2ref

]︄
,

usw =
1

β2x1x2

[︃
−Kr3

γc6
sgn(S7)|e1|1−γ

]︃
.

(41)

Similarly, the sliding surface for the state variable (x3) is defined as,

S8 = c7D
−αe2 + c8D

α|e2|γsgn(e2), (42)

where c7 and c8 are positive numbers. The variable e2 represents the error between the virion
levels and their reference values, defined as e2 = x3 −x3ref . Derivating the sliding surface S8 and
substituting the values of ė2, then,

Dα̂Ṡ8 = c7D
1−2αe2 + c8γ|e2|γ−1

(︂
(1− u2)pI − cV − qV W − ẋ3ref

)︂
. (43)

Solving (43) for the control input u2(t), then,

u2 = unom + usw,

unom =
1

px2

[︃
px2 −

c7D
1−2αe2|e2|1−γ

c8γ
− cx3 − qx3x4 − ẋ3ref

]︃
,

usw =
1

px2

[︃
−Kr4

γc8
sgn(S7)|e2|1−γ

]︃
.

(44)

The stability of the closed-loop system for the proposed control paradigm is guaranteed by
applying the Lyapunov stability theorem, utilizing the selection of Vi =

1

2
S2
i . The application of a
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fractional operator Dα̂ to the Lyapunov function Vi yields the subsequent expression,

Dα̂V1 ≤ SiD
α̂Si +

∞∑︂
j=1

τ(1 + ᾱ)

τ(1 + ᾱ− j)(1 + j)
DjSiD

ᾱ−jSi. (45)

Consider the following inequality,
∞∑︂
j=1

τ(1 + ᾱ)

τ(1 + ᾱ− j)(1 + j)
DjSiD

ᾱ−jSi ≤ ρ|Si|. (46)

Furthermore,

Dα̂V1 ≤ SiD
α̂Si + λ3Si,

Dα̂V1 ≤ c5D
1−2αe1 + c6γ|e1|γ−1

×
(︃
β1x1x3 + (1− u1)β2x1x2 + rIx2

(︃
1− x1 + x2

Tmax

)︃
− δx2 − ρx2 − ẋ2ref

)︃
+ λ3S7,

Dα̂V2 ≤ c7D
1−2αe2 + c8γ|e2|γ−1

(︂
(1− u2)pI − cV − qV W − ẋ3ref

)︂
+ λ3S8.

(47)

Finally, by simplification we get the following,

Dα̂Vi ≤ −λi|Si|+ ρ|Si|. (48)

By choosing λi, such that λi|Si| > ρ|Si|, Dα̂Vi is always negative.
Theorem 3.1. By applying the Lyapunov stability theorem, by considering the fractional-order sliding
surfaces S7,8, which ensure that the fractional-order sliding surface remains stable and asymptotically ap-
proaches zero.

Proof. Let us consider S7 + S8 such that,

S7 + S8 =
[︂
c5D

−αe1 + c6D
α|e1|γsgn(e1) + c7D

−αe2 + c8D
α|e2|γsgn(e2)

]︂
. (49)

Consider the fractional dynamics error as,

aD
α
t e1 + aD

α
t e2 = −λ1e1 − λ2e2, 0 < α < 1. (50)

Considering a Lyapunov function associated with the error variables (e1, e2), it is constructed as
follows,

Ve1,e2 =
1

2
e21 +

1

2
e22. (51)

Taking fractional derivative on both sides,

aD
α
t Ve1,e2 =

1

2
aD

α
t e

2
1 +

1

2
aD

α
t e

2
2,

≤ e1aD
α
t e1 + e2aD

α
t e2 = −λ1e

2
1 − λ2e

2
2.

(52)

The stability of the surfaces was proved.
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Remark 3.1. The Caputo derivative is well-suited for systems where the fractional order captures memory
effects, and it integrates smoothly with Lyapunov-based stability analysis and control design. The fractional
derivative α ∈ (0, 1] is defined in the Caputo sense, incorporating a convolution integral with a power-law
memory kernel to effectively capture memory effects in dynamical systems. The decay rate of this memory
kernel, which acts as a time-correlation function, is governed by the value of α. Specifically, smaller values
of α correspond to slower decay, indicating stronger memory (long-term dependence). As α approaches 1,
the memory effect diminishes.

Remark 3.2. The Lyapunov-based stability analysis is widely used in control theory, the novelty of this
work lies in constructing customized Lyapunov functions specific to each nonlinear control scheme, includ-
ing fractional-order dynamics. These functions are carefully designed to match the structure of the sliding
surfaces and control objectives, enabling more precise stability analysis. In particular, the fractional-order
Lyapunov function accounts for memory effects, which are often neglected in classical integer-order ap-
proaches. This enhances the biological realism and analytical depth of the proposed stability proofs.

4 Numerical Simulations

In this section, we assesses the effectiveness of the suggested control input laws: ISMC (10) and
(11), DISMC (18) and (19), ITSMC (25) and (27), and FOTSMC (41) and (44). The evaluation
is provided through simulation results conducted over a period of 50 days. The following are the
initial values: uninfected hepatocytes at 555 IU/L, infected hepatocytes at 50, 000 IU/L, virions at
20, 000 IU/L, and antibodies at 2, 000 IU/L. These values are calculated by Polymerase Chain Reac-
tion(PCR). To achieve the desired equilibrium point represented by x = [1840690, 0, 0, 289213]T ,
control measures were implemented to regulate the levels of uninfected and infected hepatocytes,
virions and antibodies.

The initial state of the error dynamics substantially affects the duration needed for the system
state to reach the intended reference value. While choosing a high initial value for the reachabil-
ity time of the double integrals can reduce convergence time, it leads to initiating the process of
chemotherapy with the injection of high-dose, is undesirable. In this proposed control approach,
the chemotherapy dosage is gradually initiated by establishing the initial state for the dynamics of
error to 0. For each proposed controller, the initial state for the error dynamics is set as ei = 0. The
defined reference values for infected hepatocytes, virions and uninfected are defined as x2ref = 0,
x3ref = 0, and Tmax = 800000, respectively. The proposed controllers for the design parameters
are determined using a method of trial and error. The target reference value is achieved by mod-
ifying the gain value. The values and parameters of the nonlinear HCV system are provided as
follows;

• s = 2400000, β1 = 0.0000001, β2 = 0.000001, c = 10, p = 20.
• g = 0.0005, q = 0.0001, rT = 1, ri = 0.7, dT = 0.003, δ = 0.002.

For the ISMC, the values for the gains parameters are defined as follows;

• a1 = 9780, a2 = 4, a3 = 1, a4 = 1.
• K1 = 6300, K2 = 35000, α = 0.5, ϕ1 = ϕ2 = 0.5.

For the DISMC, the values for the gains parameters are defined as follows;

• a5 = 9000, a6 = 1, a7 = 12, 590, 000, a8 = 7500, a9 = 1, a10 = 90000.
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• K3 = 65, 000, K4 = 65, 000, α = 0.5, ϕ3 = ϕ4 = 0.5.

For the ITSMC, the values for the gains parameters are defined as follows;

• λ5 = 1.5, λ6 = 1.5.
• k5 = 6500, k6 = 90, 000, α = 0.5, ϕ5 = ϕ6 = 0.5.

For the FOTSMC, the values for the gains parameters are defined as follows;

• c5 = 0.15, c6 = 0.01, c7 = 0.20, c8 = 0.0010.
• kr3 = 0.050, kr4 = 0.0001, γ = 1.5, α = 0.5, ϕ3 = ϕ4 = 0.5.

Here, the system behavior of model (2) without control (i.e., without drug administration) is
illustrated in Figure 3. This uncontrolled behavior demonstrates the natural tendencies and re-
sponses of the system without any external influences. Without any drug usage, the number of
virions and infected individuals is high, while the number of uninfected individuals is decreasing.
This work utilizes FOTSMC, ITSMC, DISMC, and ISMC to effectively track the reduction of virion
concentration and infected hepatocytes to their reference values. The goal is to minimize liver tox-
icity andmaintain optimal liver functionwhile achieving effective antiviral activity. By combining
these different approaches, this work aims to find the most efficient and safe method for treating
HCV without causing significant damage to healthy liver cells. Through careful monitoring and
adjustment of dosages, but it may strike a balance between efficacy and safety in their treatment
approach.
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Figure 3: Behavior of model (3) without any controls.

After exposure to the virus, the drug efficacy u1 remained at its highest level for an extended
period because the virus did not diminish quickly. Similarly, the drug efficacy u2 also stayed at
its highest level for a longer duration as the virus began to decrease. To ensure the drug quantity
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remains within safe parameters, the upper limits for drug efficacy u1 and u2 are established at
0.96. The control inputs of u1 and u2 for ISMC, DISMC and FOTSMC is shown in the Figures 4, 5
and 6. By comparing all these FOTSMC shows the less usage of drug and faster lowering rate of
disease.
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Figure 4: Control input of ISMC in HCV.
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Figure 5: Control input of DISMC in HCV.
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Figure 6: Control input of FOTSMC in HCV.

Here, we divide into four distinct subsections. The first subsection describes the reactions of
uninfected individuals to the injection of drug using the proposed controllers. In a similarmanner,
the subsequent subsections detail the characteristics of infected individuals, virions, and antibod-
ies, respectively. The final subsection concludes with a comparison of all proposed controllers,
focusing on treatment response, SSE and chattering their performance in control and reduction of
HCV.

4.1 Uninfected hepatocytes responses

The behavior of uninfected hepatocytes in response toHCV infection, togetherwith the evalua-
tion of all designed controllers, has been thoroughly investigated. Figure 7 illustrates the response
of uninfected hepatocytes following the administration of the drug. A significant rise in the popu-
lation of uninfected hepatocytes is observed, nearing Tmax, which denotes the peak concentration
of these cells within the liver. Time for uninfected hepatocytes to reach equilibrium is compara-
ble for both ISMC and FOTSMC until it attains its peak. Uninfected hepatocytes demonstrated
steady-state error with ISMC, while FOTSMC showed a reduced steady-state error. Furthermore,
FOTSMCexhibited reduced SSE in comparison toDISMC. ITSMCdemonstrated remarkable track-
ing of uninfected hepatocytes to Tmax, achieving improved transient time and reduced SSE overall.
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Figure 7: Comparision of different SMC in uninfected hepatocytes.

4.2 Infected hepatocytes responses

Figure 8 illustrates the dynamics of infected hepatocytes in response to the proposed con-
trollers. The results indicate that the tracking time to reference values is significantly quicker
with FOTSMC in comparison to ISMC, DISMC, and ITSMC. However, ISMC exhibits a significant
SSE in its ability to track the reference value. In comparison, hepatocytes that are infected with
FOTSMC attain the reference value in roughly 12 − 14 days without any SSE. Overall, FOTSMC
demonstrates reduced SSE and a faster response to achieve the reference value in infected hepa-
tocytes when compared to other sliding mode controllers.
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Figure 8: Comparision of different SMC in infected hepatocytes.
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4.3 Virions responses

Figure 9 shows the behavior of the virions. The FOTSMCmethod enables a rapid convergence
to the reference value, whereas the ISMCmethod leads to a significant SSE throughout the tracking
process. The duration for tracking virions with FOTSMC spans from 12 to 14 days after adminis-
tration of Ribavirin and Peg-IFN-α. In this, compared to other sliding mode controllers FOTSMC
reaches its reference values soon that which represents in decreasing the virions so quickly.
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Figure 9: Comparision of different SMC in virions compartment.

4.4 Antibodies responses and discussion

Figure 10 illustrates the response of the antibodies to the proposed controllers showing a higher
rate with DISMC compared to FOTSMC. In the Antibodies, FOTSMC exhibited a lower perfor-
mance relative to other sliding mode controllers. A comparison has been made among the perfor-
mances of FOTSMC, DITSMC, ITSMC and ISMC. The proposed controllers are evaluated based
on their characteristics, including settling time, SSE, chattering during convergence to the refer-
ence level, as well as the stabilization period. Uninfected hepatocytes reach convergence at the
designated point within 5 days. The duration for settling is approximately 10 days without any
SSE involved. The tracking of virions and hepatocytes which are infected to their reference levels,
with reduced SSE, is achieved within 10 days utilizing FOTSMC. FOTSMC assesses the perfor-
mance of alternative controllers based on transient response, overshoot, SSE and settling times.
It demonstrates exceptional efficacy in diminishing and monitoring virions and infected hepato-
cytes.
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Figure 10: Comparision of different SMC in immune responses.

5 Conclusions

This work examined the dynamics of dual transmission of HCV model with control inputs. A
combined dose of interferon and ribavirin is used as a control strategy to suppress infected hepa-
tocytes and virions. This study relies on dynamic nonlinear controllers such as those for FOTSMC,
DISMC, ITSMC, and ISMC. Control input laws are being developed to reduce and block the quan-
tity of hepatocytes of infected and virions to targeted levels, while adhering to the constraints of
treatment efficacy. The simulation results demonstrate that the concentrations of virions and in-
fected hepatocytes can attain their reference values respectivelywithin 12 to 14days. Furthermore,
the simultaneous injection of the antiviral agent peg-IFN-α and ribavirin results in a more rapid
reduction of both virions and infected hepatocytes. By incorporating the integral, the SSE has
been reduced, as observed in the DISMC. FOTSMC have less SSE and it was found better com-
paring the other sliding mode controllers. This comparative study highlights the feasibility of
these controllers, with the fractional-order terminal sliding mode controller demonstrating supe-
rior performance in the overall elimination of virions and infected hepatocytes. In future studies,
we plan to apply integral super twisting sliding mode control and adaptive sliding mode control.
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